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Planar graphs and minors

A graph G is planar if it can be drawn on the plane with no edge crossing.
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Operations that preserve planarity

e

edge deletion

contraction
G/e

G\e
H is a minor of G if  
   H is obtained from G by a sequence of  
   deleting edges/vertices and 
   contracting edges

Easy Observation:  
If H is a minor of a planar graph G,  

then H is planar.
vertex deletion

G∖v

v
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Kuratowski's theorem on planar graphs (1930)

Theorem (Kuratowski 1930 / Wagner 1937) 
   G is planar  
   if and only if 
   G has no minor isomorphic to K5 or K3,3

K5 K3,3

Two minor-minimal non-planar graphs
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Circle graphs and vertex-minors / pivot-minors

Circle graph = intersection graph of chords of a circle
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A minor of a circle graph is not necessarily a circle graph.

K6 is a circle graph

is not a circle graphW5

minor Impossible to 
characterize circle graphs 
in terms of forbidden 
minors
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Local complementation and vertex-minors
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G G * 1
"local complementation at 1" If G is a circle graph,  

then G*v is a circle graph.

H is a vertex-minor of G if H can be 
obtained from G by a sequence of  

local complementations and  
vertex deletions

Easy Observation:  
If H is a vertex-minor of G and  

G is a circle graph,  
then H is a circle graph.
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Forbidden vertex-minors for circle graphs

CIRCLE GRAPH OBSTRUCTIONS UNDER PIVOTING

JIM GEELEN AND SANG-IL OUM

Abstract. A circle graph is the intersection graph of a set of
chords of a circle. The class of circle graphs is closed under pivot-
minors. We determine the pivot-minor-minimal non-circle-graphs;
there are 15 obstructions. These obstructions are found, by com-
puter search, as a corollary to Bouchet’s characterization of circle
graphs under local complementation. Our characterization gener-
alizes Kuratowski’s Theorem.

1. Introduction

The class of circle graphs is closed with respect to vertex-minors and
hence also pivot-minors. (Definitions are postponed until Section 2.)
Bouchet [5] gave the following characterization of circle graphs; the
graphs W5, W7, and BW3 are defined in Figure 1. All graphs in this
paper are simple; graphs have no loops and no parallel edges.

Theorem 1.1 (Bouchet). A graph is a circle graph if and only it has
no vertex-minor that is isomorphic to W5, W7, or BW3.

Figure 1. W5, W7, and BW3: Excluded vertex-minors
for circle graphs.

As a corollary to Bouchet’s theorem we prove the following result.
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Theorem (Bouchet 1994) 
 G is a circle graph  
 if and only if  
 G has no vertex-minor isomorphic to

W5 W7 BW3

Three vertex-minor minimal non-circle graphs
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34 H. de Fmyssek 

Fig. 2. 

Let C be an isomorphic inrape of the: unit circle S1 drawn close to the base 8 

such that C is the border of a ubuiar neighbourhood of B (see Fig. 2). 

The chords corresponding to the edges in B’- are obtained by restricting these 

edges to the outside of the disc delimited by C. ., 4 chord corresponding to 8n edge 

e in B &ins the two arcs of C drawn parallely along e. 

The chords intersecting e are obviously the ones corresponding to the funda- 

mental cocircuit associated with e. 

(2) Let G be a bipartite chordable graph. The two sets of chords, correspond- 

ing to the bipartition of the set of vertices of G, can be represented by two 

systems of chords inside and outside the unit circle S’ (see Fig. 3). 

The chords drawn inside S” partition the disc delimited by S’ into faces {I$}isr 

in the center of which we place a point Vi. The set {Ui}<,=I is the set of vertices of 

the graphical representation PW of W(G) whose edges are drawn in the following 

Wi3 y I 

First join the vertices of PW corresponding to adjacent faces. Let B be the 

resulting set of edges. The set BL of other edges of PW is obtained by extending 

the outside chords to the vertices t+, Uj corresponding to the faces Fi, 4 to which 

they are incident. One can easily check that B is a tree of PW (resp. BA a cotree 

of PW), that is, a base of W(G) (resp. a cobase of W(G)) and that G is the 

fundamenta! interlacement graph associated with the base B of W(G), 
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Theorem (de Fraysseix 1981) 
A bipartite graph is a circle graph  
if and only if it is a fundamental graph of a planar graph.
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Forbidden pivot-minors for circle graphs

Theorem (Geelen, O. 2009) 
 G is a circle graph  
 if and only if  
 G has no pivot-minor isomorphic toCIRCLE GRAPH OBSTRUCTIONS 3

FIGURE 2. Excluded pivot-minors for circle graphs.

FIGURE 3. H1, H2, and Q3.

fundamental graphs of regular matroids. Seymour’s decomposition Theorem [11]
provides a good characterization and a recognition algorithm for regular matroids and
we hope to obtain similar results for PU-orientable graphs. Bouchet [2] proved that
circle graphs admit PU-orientations and we hope that the class of circle graphs will
play a central role in a decomposition theorem for PU-orientable graphs. The class
of PU-orientable graphs is closed under pivot-minors but not under vertex-minors,
and hence it is desirable to have the excluded pivot-minors for the class of circle
graphs. Although the class of PU-orientable graphs is not closed under local comple-
mentation, Bouchet’s theorem does imply the following curious connection between
PU-orientability and circle graphs: a graph is a circle graph if and only if every locally
equivalent graph is PU-orientable.

We prove Theorem 1.2 by studying the graphs that are pivot-minor-minimal
while containing a vertex-minor isomorphic to one of W5, W7, or BW3. We require
the following two lemmas that are proved in Section 3. The proofs are direct but
inelegant. These facts are transparent in the context of isotropic systems; see
Bouchet [3]. However, the direct proofs are shorter than the requisite introduction to
isotropic systems.

Journal of Graph Theory DOI 10.1002/jgt

3 bipartite graphs
Fundamental graphs of  

the Fano matroid
M(K5)
M(K3,3)

Implies  
Kuratowski's theorem
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Rank-width : dense analogue of tree-width

X Y
ρG(X) = rank (

1 1 0
0 1 1
1 0 1) = 2

Y

XG

Cut-rank function of G:  
rank of a X*(V-X) 0-1 matrix 

over the binary field

Rank-width of G = min k such that 
V(G) can be recursively partitioned into 

subsets of 
"cut-rank" ≤ k 

until each set becomes a singleton 

O., Seymour (2006)

Theorem (O. Seymour 2006) 
rw(G) ≤ cw(G) ≤ 2rw(G)+1 − 1

Clique-width and rank-width  
are equivalent
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Cut-rank function and vertex-minors

1111110000000v

C

D

A

B

A B

C

D

v

ρG(X) = ρG*v(X)

The cut-rank function is  
invariant under taking  

local complementations

If H is a vertex-minor of G, then for all X, 

for its corresponding X'.
ρH(X′￼) ≤ ρG(X)
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Obstructions for bounded tree-width 
                          bounded rank-width

Theorem (Robertson and Seymour 1986) 
Every graph of large tree-width contains a fixed 
planar graph as a minor.

Theorem (Geelen, Kwon, McCarty, Wollan 2020) 
Every graph of large rank-width contains a fixed  
circle graph as a vertex-minor

Large tree-width 
⇒ large grid minor

Large rank-width 
⇒ large circle graph minor
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Erdős-Pósa property

Lovász (1965): f(1)=3

Erdős-Pósa (1965): f(k) = (k log k)Ω

Every graph has 
> k vertex-disjoint cycles 

or  
a vertex set X such that  

|X| ≤ f(k) and G-X has no cycles

Dirac and Gallai: Does f(k) exist?  
If so, then what is the best possible f(k)?

We say {cycles} has the Erdős-Pósa property

photos:  
https://en.wikipedia.org/wiki/Paul_Erdős 

https://www.primissima.hu/dijazottak/posa-lajos/386/

K5tight
Voss (1969): f(2)=6
Voss (1967): f(3)≤12

Nice tables on Erdős-Pósa properties  
https://perso.limos.fr/~jfraymon/Erdős-Pósa/

Many generalizations…

https://en.wikipedia.org/wiki/Paul_Erd%C5%91s
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Characterizing the Erdős-Pósa property for minors

Theorem (Robertson, Seymour 1986) 

                    ⇔   H is planar. 

Main ingredient for ⇐ : Grid Theorem (Robertson and Seymour) 
If H is planar, graphs with no H minor have tree-width ≤ g(H).

Every graph has 
> k vertex-disjoint H-minors 

or  
a vertex set X such that  

|X| ≤ f(k) and G-X has no H-minors
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Our goal:  
vertex-minor analogue of the Erdős-Pósa theorem
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Erdős-Pósa for vertex-minors?

having  
kH 

as a vertex-minor

G-X has no H 
vertex-minor

H: circle

having  
kH 

as a minor
G-X has  

no H minor

H: planar

?
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Erdős-Pósa for vertex-minors?

having  
kH 

as a vertex-minor

there is a graph G’ 
locally equivalent to 

G such that  
G’-X has no H 
vertex-minor

H: circle

having  
kH 

as a minor
G-X has  

no H minor

H: planar

?
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Deletion or (Local Complementations + Deletion) Fails

Lemma: 
For every t, there exists a graph G such that  
(1) no vertex-minor isomorphic to 2P_4   
(2) every graph G’ locally equivalent G and every set X of t vertices,  
G’-X has a vertex-minor isomorphic to P_4.

Proof Sketch: Take G=K_{t+2,t+2,….,t+2}  
(complete multipartite graph with t+3 parts)
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Main Theorem: Erdős-Pósa for vertex-minors

Theorem: 
For every circle graph H with ≥1 edge and k>0,  
there is an integer t such that  
  every graph G either  
 (1) has a vertex-minor isomorphic to kH 
 or  
 (2) has a t-perturbation G’ having no vertex-minor isomorphic to H
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Perturbation of a graph



이산수학그룹
Discrete Mathematics Group

Potential definitions of perturbations

• Adj(G’)= Adj(G)+ M  + diagonal matrix  over the binary field 
for a matrix M of rank ≤ r  (rank-t perturbation) 

• V(G’)=V(G) and there is a graph H such that |V(H)|=|V(G)|+t and both G’ and G 
are vertex-minors of G (t-perturbation)These two concepts are equivalent up to the local equivalence. 

(1) Any t-perturbation is locally equivalent to a rank-2t perturbation. 
(2) Any rank-t perturbation is a t-perturbation.
Lemma: The set of t-perturbations of G is closed under taking vertex-minors.

False for rank-t perturbations and their locally equivalent graphs
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Proof Sketch 

Let us assume H is connected for simplicity. 
(The paper discusses the case when H is disconnected as well, based 
on the lemma of Roberton and Seymour.)



이산수학그룹
Discrete Mathematics Group

• We may assume that rank-width is small.  
Otherwise, kH is a vertex-minor. (kH is a circle graph) 

• Let (T,L) be a rank-decomposition of small width. 

• 1st try: Take disjoint subtrees of T, whose leaves induces a subgraph 
having H vertex-minors.

If we can’t find many  
disjoint such subtrees,  

then  
we have a low perturbation of G 

having no H vertex-minors 

(GOOD)
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If we can’t find many  
disjoint such subtrees,  

then  
we have a low perturbation of G 

having no H vertex-minors 

(GOOD)

Problem: Suppose we found many disjoint such subtrees.  
How do we get kH vertex-minors? 

- Applying one local complementation in one part may destroy H vertex-minors 
in other parts. 
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2nd try: “Robustness”

• Aim: Find X such that G[X] has H as a vertex-minor, no matter what local 
complementations are made outside of X. 

• We say G[X] is t-robust for H if any t-perturbation of G[X] has H as a vertex-minor. 

• Goal: Find many disjoint subtrees, each inducing a subgraph t-robust for H 
with t= 2^(rank-width+1) 

Lemma: If cut-rank_G(X)=k and both G1 and G2 are vertex-minors of G on X,  
then G1 is a 2^(k+1)-perturbation of G2.
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t-robust for H

If we can’t find many  
disjoint such subtrees,  

then  
we have a low perturbation of G 

having no H vertex-minors 

(GOOD)
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t-robust for H

Assume we found many  
disjoint such subtrees.  

How to clean edges between distinct H’s to get kH?

Lemma: If cut-rank_G(X)=k and both G1 and G2 are vertex-minors of G on X,  
then G1 is a 2^(k+1)-perturbation of G2.



이산수학그룹
Discrete Mathematics Group

Another trick: Well-quasi-ordering

Graphs of bounded rank-width are well-quasi-ordered by vertex-minors. (O. 08)

{all vertex-minor-minimal graphs of rank-width≤r, that is t-robust for H} 
is finite 
⇒  There are only finitely many vertex-minor-minimal graphs 
of rank-width≤r, t-robust for H

There is c such that  
every induced subgraph t-robust for H  
contains a vertex-minor on ≤c vertices that is t-robust for H.
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One more trick: Pick subtrees arranged linearly from many subtrees
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One more trick: Pick subtrees arranged linearly from many subtrees
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Proposition: H: connected graph, G: rank-width≤r 
⇒ Either  
(1) there is a p-perturbation of G with no H vertex-minor 
or  
(2) there is a vertex-minor G’ of G  
that is a union of disjoint sets X_i 
|X_i|≤c,  
G’[X_i] is t-robust for H, 
cut-rank_G’ (X_i)≤2r.

p = 4rk2 + 2(t + 2 ⋅ 22r+1)k2
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How do we get kH?  
Ramsey

Apply local complementations  
to clean!

kH
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Converse
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Converse

• Proposition: If G has a t-perturbation G’ having no H vertex-minor,  
then G has no (t+1)H as a vertex-minor. 

• Tool: Bouchet’s theorem 
If H is a vertex-minor of G and v is a vertex of G not in H,  
then at least one of G-v, G*v-v, G*v*w*v-v (for a neighbor w of v) contains H as 
a vertex-minor.
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Summary: Main Theorem

packing), or has a set of size at most fH(k) (a hitting set) whose removal leaves a graph not
containing H . Here, one can be !exible with the notion of what it means for one graph to
contain another, as well as in the notion of hitting set. Basically, any choice of containment
relation and modulator can be considered here.

In the context of the structure of sparse graphs, Robertson and Seymour [RS86] proved
that planar graphs are precisely the graphs that have the Erd"s-Pósa property with re-
spect to minors and vertex deletion. This constitutes a central result in the theory of graph
minors (see, for instance, [CC13, CvBHJR19, Liu22, PPTW24]). Having such a nice charac-
terization in the setting of sparse graphs, the question of generalizations to other structure
theories naturally arises. Erd"s-Pósa properties have been considered for several contain-
ment relations, for example, minors [Sim67, RS86], immersions [Liu21], and topological
minors [Tho88]. Other settings, such as directed graphs [RS96, RRST96, HKMM24], or
coarse graph theory [DJMM25, AGHK25], have also been considered. We refer the reader
to the dynamic survey by Raymond [Ray] for an overview. Particularly interesting is the
question of how one would generalize the statement by Robertson and Seymour to dense
graphs.

For dense graphs, the containment relation of vertex-minors yields a natural analog to
graph minors. Roughly, the vertex-minors of a graph G are the graphs that can be ob-
tained from G by deleting vertices and by performing certain “local moves” called local
complementations; locally complementing at a vertex v replaces the induced subgraph on
the neighborhood of v by its complement. Vertex-minors are believed to exhibit a simi-
larly rich structure theory as that of graph minors; see [McC21, KO24] for comprehensive
overviews. For example, there is a known grid theorem [GKMW23] and vertex-minors are
believed to yield a well-quasi-ordering on graphs [Oum08]. The notion is also of inter-
est in other areas of graph theory and beyond, because many interesting graph proper-
ties are invariant under local complementation, such as the interlace polynomial [Av04],
the level of entanglement of an associated quantum state [VdNDM04], and the cut-rank
function [Oum05], which gives a notion of graph connectivity based on the rank in the
adjacency matrix.

Our contribution. In this paper, we prove the following dense analog of Robertson and
Seymour’s result (the crucial notions used in the formal statements are provided within the
next few paragraphs): circle graphs have the Erd"s-Pósa property with respect to vertex-
minors. So we consider circle graphs where Robertson and Seymour considered planar
graphs and perturbations where they considered vertex deletions. For convenience, given
a graphH and an integer k, we write kH for the graph that is the disjoint union of k copies
of H .

Theorem 1.1. For any circle graph H with at least one edge and for any positive integer k,
there exists an integer t = t(k,H) so that every graphG either has a vertex-minor isomorphic
to kH , or has a t-perturbation G̃ which has no vertex-minor isomorphic to H .

Circle graphs are the natural analog of planar graphs in the structure theory of vertex-
minors. A graph is a circle graph if there exists a collection of chords of a circle so that the
vertices are in bijection with the chords, and two vertices are adjacent if and only if their
chords have non-empty intersection; see Figure 1. There is a connection between planar
graphs/circle graphs and minors/vertex-minors, respectively. Excluding a planar graph as a

2
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Open Problems

• What happens if H is not a circle graph?  

• Conjecture 1: The Erdős-Pósa property still holds. 

• Conjecture 2: The Erdős-Pósa property fails. 

• Is it true for pivot-minors?  

• True for bipartite graphs G; Corollary for binary matroids. 

• Matroids: James Davies, Meike Hatzel, and Fernanda Rivera Omaña

graphs H do not have the Erd!s-Pósa property for minors [RS86]. Secondly, our proof
of Theorem 1.1 relies on the Grid Theorem for Vertex-Minors [GKMW23], saying that for
any "xed circle graph H , every graph without H as a vertex-minor has bounded rank-
width. (We also observe that for any circle graph H and positive integer k, the graph kH

is again a circle graph.) This theorem is the only place where we require H to be a circle
graph; once we know that the host graph G has bounded rank-width, we do not need any
requirement onH . However, for the Grid Theorem for Vertex-Minors, it is necessary forH
to be a circle graph, since circle graphs themselves can have arbitrarily large rank-width.

So it is natural to pose the following problem.

Problem 1.3. Does any non-circle graph have the Erd!s-Pósa property for vertex-minors?

That is, is there any graph H which is not a circle graph but does satisfy Theorem 1.1 for
every positive integer k? We actually suspect that the answer is yes, but if so, this shows
an interesting distinction between minors and vertex-minors.

Pivot-minors andmatroids. Our approach actually reaches further than vertex-minors
and even graphs. Using the same techniques, we also prove the Erd!s-Pósa property for
circle graphs as pivot-minors in bipartite graphs. Indeed, Theorem 10.9 yields the following
corollary for binary matroids.

Corollary 1.4. For any planar multigraph H and for any positive integer k, there exists an
integer p = p(k,H) so that each binary matroidM either has a minor isomorphic toM(kH),
or has a rank-p perturbation M̃ which has no minor isomorphic to M(H).

WewriteM(G) for the cycle matroid of a graphG. A binary matroid M̃ is a rank-p per-
turbation of a binarymatroidM ifE(M) =E(M̃) and they have respective representations
Ã andA over the binary "eld so that Ã andA have the same set of row indices and Ã→A has
rank at most p; see Section 10 for details. We also prove a rough converse of Corollary 1.4;
see Proposition 11.6. A generalization of Corollary 1.4 toGF(q)-representable matroids will
be proven in an upcoming paper. For other notions of containment, Erd!s-Pósa properties
have been considered for matroids; see [GGW03] and its strengthening [GK09]. These pa-
pers consider matroids without k disjoint cocircuits.

Rank-p perturbations are a fundamental notion when studying the structure of GF(q)-
representable matroids [GGW15]. However, Corollary 1.4 does not seem to directly imply
Robertson and Seymour’s theorem that planar graphs have the Erd!s-Pósa property. There
are several reasons for this discrepancy, including the fact that kH is not the only graph
whose cycle matroid isM(kH). Additionally, eliminating copies using low-rank perturba-
tions of matroids translates to splitting/identifying vertices a few times, rather than deleting
a few vertices.

Organization. This paper is organized as follows. Section 2 presents an overview of the
proof of Theorem 1.1. In Section 3, we review some basic de"nitions about vertex-minors
and rank-width and state some useful lemmas about trees. In Section 4, we discuss pertur-
bations and a key new idea called robustness. In Section 5, we prove Proposition 5.2, which
says that either we can "nd the desired perturbation, or we can "nd many disjoint robust
parts of bounded size and very small cut-rank. In Section 6, we show how to work with
the robust parts that we found in Proposition 5.2 in order to obtain kH as a vertex-minor

4
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Thank you

We are hiring!
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