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ON THE NUMBER OF CROSSINGS IN A
COMPLETE GRAPH

by FRANK HARARY t{ and ANTHONY HILL
(Received 12th August 1963)

1. Introduction

The purpose of this article is to describe two problems which involve
drawing graphs in the plane. We will discuss both complete graphs and
complete bicoloured graphs. The complete graph K, with n points or vertices

has a line or edge joining every pair of distinct points, as shown in fig. 1 for
n=2345,6.
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In each of these complete graphs every edge is a straight line segment. In
K,, K; and K,, no two distinct edges intersect. As anyone can plainly see,
the number of intersections or crossings in K5 as drawn in 5 and in K¢ is 15.
It is stipulated that such an intersection involves only two edges and not more.

For any graph G, we say that the crossing number ¢(G) is the minimum
number of crossings with which it is possible to draw G in the plane. We note
that the edges of G need not be straight line segments, and also that the result
is the same whether G is drawn in the plane or on the surface of a sphere.
Another invariant of G is the rectilinear crossing number, ¢(G), which is the
minimum number of crossings when G is drawn in the plane in such a way
that every edge is a straight line segment. We will find by an example that
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an upper bound, followed by assertions rather than proofs that they are also
a lower bound.

In general, it would be interesting to express for any graph G the numbers
¢(G) and ¢(G) in terms of other invariants of G.
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H is a minor of G

def " H can be obtained from a subgraph of G by contracting edges

minor closed properties:

planarity, having genus =, being knotless, being linkless, having
treewidth k ...
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