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Density Formula

Theorem. (Density Formula)
For any ¢ € R and any connected drawing

of any graph G = (V, E), |E| > 1, we have
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Theorem. (Density Formula)
For any ¢ € R and any connected drawing
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Density Formula

Theorem. (Density Formula)

For any ¢ € R and any connected drawing General approach:

of any graph G = (V, E), |E| = 1, we have > apply the formula with a specific ¢
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Crossing Formula?

Theorem. (Crossing Formula?)

For any ¢ € R and any connected drawing General approach:

of any graph G = (V, E), |E| = 1, we have > apply the formula with a specific ¢

A= eVI-2) - X (el - o) - 1B > upper bounds on [Cs]. [C4l. . .
4 in terms of |X’| and/or |V, |E]
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t=4 |X[=4(V]|—-2)+ £[Cs| +|Csl +7|C5| = 51Cs| —---— |E
t=5 |X|=5(V]|—-2)+2|Cs|+|Cs|+0-|C5| —|Cs|] —---—|E

Cs: i\3/ Ca: | 4 /4\ Cs: @ 71._.
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1-planar graphs BV —2) - 3 (t— L _t> 1
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Theorem (Pach + Téth, 1997)
n-vertex 1-planar graphs have < 4n — 8 edges.
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Theorem (Pach + Téth, 1997)
n-vertex 1-planar graphs have < 4n — 8 edges.
Proof using the Density Formula:
t=4 |E|=4(n—2)+ {[C3| +|Cs| +5ICs| = 51Cs| — - — | X]

e T oo Tal A o 8} 5 A




4

1-planar graphs BV —2) - 3 (t— L _t> 1

ceC

Theorem (Pach + Téth, 1997)
n-vertex 1-planar graphs have < 4n — 8 edges.
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Theorem (Pach + Téth, 1997)
n-vertex 1-planar graphs have < 4n — 8 edges.

Proof using the Density Formula:

b=4 12| =0 - 2) + JeT+ P+l et - ¥

If || = 4n — 8§, all cells must be /5&
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Overview

density = max. # edges for n vertices
1-planar dn — 8 Pach-Té6th '97
2-planar 5n — 10 Pach-Téth '97
3-planar 5.5n — O(1) Pach-Radoitié-Tardos-Téth '06
4-planar 6n — O(1) Ackerman '15
simple quasiplanar 6.5n — 20 Ackerman-Tardos '07
non-hom. quasiplanar 8n — 20 Ackerman-Tardos '07
0-bend RAC 4n — 10 Didimo-Eades-Liotta '11
1-bend RAC 5n — 10 Kaufmann-Klemz-Knorr-Reddy-S.-Ueckerdt '24
2-bend RAC 10n — ©(1) Kaufmann-Klemz-Knorr-Reddy-S.-Ueckerdt '24
1T -real face 5n — 10 Binucci-Di Battista-Didimo-Hong-Kaufmann-Liotta-Morin-Tappini '23
27 -real face 4n — 8 Binucci-Di Battista-Didimo-Hong-Kaufmann-Liotta-Morin-Tappini '23
kT-real face %(n — 2) Binucci-Di Battista-Didimo-Hong-Kaufmann-Liotta-Morin-Tappini '23
fan-planar 5n — 10 (Kaufmann-Ueckerdt '22) Ackerman-Keszegh '23
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Proof

Theorem.

of the Density Formula

(Density Formula)

For any ¢ € R and any connected drawing E|=1(|V]|-2) -
of any graph G = (V, E), |E| > 1, we have

Proof.
> S| = |E
> ZCEC HC

+ 2| X|
= 28|+ ¥y deg(v) = 4B + 41X = ¥, (
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Proof of the Density Formula

Theorem. (Density Formula) + 1
For any ¢ € R and any connected drawing E|=1(|V]|-2) - Z ( A [le|| — t) — | &
of any graph G = (V, E), |E| > 1, we have ceC

Proof.
> |S| = |E| + 2|X]
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Useful Lemmas Lemma
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Proof using the Density Formula:
2 crossings at each inner segment
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Theorem (Pach 4+ Toéth, 1997) o o
n-vertex 2-planar graphs have < 5n — 10 edges
Proof using the Density Formula:
2 crossings at each inner segment °
— X = |G -

< 2 Inner segments at each crossing

t=5 |E|=5(n—2)+2|Cs| + |Ca| + O Celmmlet@rt=""" — ||

— |F| <5(n—2)+ |Sn| — |X| < 5(n—2) u



k-bend RAC graphs _, 21X| — Ex| = ISl > 34+ 2421 + #/8\

edges with < k bends .%
Right-Angle Crossings
\o (

Theorem.
n-vertex non-hom. 1-bend RAC graphs have < 5n — 10 edges.
n-vertex non-hom. 2-bend RAC graphs have < 10n — 19 edges.

t=5: |E| <5(n—2)+2|Cs| + |Cs| — |X]
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Lower Bound for Quasiplanar Graphs

n=4 n>>5

.T/ X/ >cycle C (n edges)
Y J\ ! > 2-hops inside C' (n edges)

> 2-hops outside C' (n edges)
> 3-hops along C' (n edges)

> 2 zig-zag paths inside C' (2(n — 5) edges)

> 2 zig-zag paths outside C' (2(n — 5) edges)



